
 

First Fundamental Form do Carmo 2 5

Recall that we have defined at each p on a surface 5

the tangent plane Tps which is a 2 dimensional subspace of BS

By putting all these tangentplanes together we get

tangent TS f p v p E S V E Tpsbundle
of 5 1

Note We can think of TS as a 2 parameter family of
2 dimensional vector spaces i eTps parametrized

by points p on S

disjoint union

TS
p sTpS

Since each Tps is a subspace of Rs it inherits the

inner product from IRS as well Therefore we have the

following



Def'd The first fundamental form 1stf f of a surface

at a point P E S is a positive definite symmetric bilinear

form i.e an inner product defined on Tps by

Gp Tps x Tps IR

Gp U V L U V 7 3

standard inner product
in 1133

Note TS is then a smooth family of inner product spaces

parametrized by S

We can express the
1st f f locally as 2 2 matrices Gj

Using coordinate systems
as follows

Given a parametrization Icu uz U S

Tps span III EE
we can express Gp by a matrix as

Gi 8g 8g where 8ij LIFE
2

i j 1,2

2 2 symmetric
matrix



Therefore if U a Zu t bZu

c Fu daze
where ZE

tha

ga v ca b Sj Sg ca

Question How does the matrix Gij transform when we

change local coordinates

Lemma Transformation law for Lij
Suppose Gig and Fij are the 1st f f expressed in local

coordinates ICU uz U S and XICui ut VT S

respectively Then

Fi DY Sig DY

Where Y I toXI VT U is the transition map

Uz

Tl 7 U



Proof First of all

is CEE.EE SEE 3
EE EE SEE IE

2 2

III IE IE D ios

2 3
3 2

On the other hand

Eg DETCDE

CD4TCDITCDI Dy i Io 4

D4519 ij DY
D

Corollary detCgijT Fgf Jac 4

Note Ei HEEXIE It

f Ey f Fdaduj

DA area form



Gauss map Second Fundamental Form do Carmo 3 2

We now study the extrinsic geometry of surfaces and

define various notions of curvatures for surfaces

Recall Plane curves

t.EE
Ii III toning
curvature rate of change of TT f k

rate of change of N

Now for an orientable surface S we consider its

tangent TS a family of tangent planes Tpsbundle

HOPE 8

Tps Tqs
curvature rate of change
of S of Tps

rate of change
5

of unit normal Np

Note In 1123 a 2 dim'l subspace P is determined

uniquely up to a sign by its unit normal N L P



Def'd Let S E B be an orientable surface oriented by
a global unit normal vector field called

2 Gauss
N S 8 map

p
unit sphere
in B3

The Gauss map N is a smooth map from S to S

we can consider its differential at any p E S

dNp Tps
ear

Tmp82 E Ncp Tps

Def't The shape operator Weingarten map Cat p is the

linear operator on Tps defined by
linearS dNp Tps Tps

Def 1
aH tr S mean curvature

L

K det S Gauss curvature

Effect of orientation

N s N s s s
H s H

K K

Unchanged
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